Abstract. We discuss multiple versions of rational ergodicity and rational weak mixing for "nice" transformations, including Markov shifts, certain interval maps and hyperbolic geodesic flows. These properties entail multiple recurrence. §1. Introduction: multiple properties
§1. Introduction: multiple properties
The measure preserving transformation (MPT) (X, B, m, T ) is called • d-recurrent as in [7] if ∀ A ∈ B, m(A) > 0 ∃ n ≥ 1 so that
1-recurrence being equivalent to conservativity. In [7] , the authors considered the multiple recurrence of the Markov shift (X, In this paper we extend this to further classes of transformations which we call "nice". Some notes on terminology: • d-rational ergodicity is d-rational ergodicity along N;
• subsequence d-rational ergodicity is d-rational ergodicity along some K ⊂ N; • 1-rational ergodicity is called weak rational ergodicity in [1] .
Evidently, subsequence d-rational ergodicity implies d-recurrence
In §2, we define "d-nice transformation" and show that it implies subsequence d-rational ergodicity. In §3, we give sufficient conditions for the stronger multiple rational weak mixing properties. In §4 we consider 1-rational weak mixing of certain special semiflows and in §5 we establish 2-recurrence [2-dissipation] of the geodesic flow of a Z-cover [Z 2 -cover] of a compact, hyperbolic surface, as advertised in [16] . §2 Nice transformations Let (X, B, m, T ) be a CEMPT. We'll call a set Ω ∈ F + := {A ∈ B : 0 < m(A) < ∞} admissible for
) is a CEMPT;
Proof For Ω ∈ F + admissible, 
Lemma 2.3 Let (X, B, m, T ) be d-nice and let Ω ∈ F + be admissible. Define
Proof Adapt the proof of lemma 1.5 in [7] .
Proof of theorem 2.2 Fix
Let d ∈ N. We'll call the CEMPT (X, B, m, T ) d-rationally weakly mixing along K ⊂ N if it is d-rationally ergodic and • ∃ u d (n) > 0 so that the normalizing constants are given by a d (n) :=
Rational weak mixing (i.e. 1-rational weak mixing along N) was introduced in [3] .
Recall that the CEMPT (X, B, m, T ) is pointwise dual ergodic if there are constants a n (T ) > 0 so that
Let (X, B, m, T ) be an exact, pointwise dual ergodic CEMPT and suppose that
where f γ is the probability density function of the normalized, positive γ-stable random variable, then
and, in particular, (X, B, m, T ) is d-rationally weakly mixing.
Remark. Suitable:
• AFN maps, or towers over AFU maps as in [6] , • towers over Gibbs-Markov maps as in [5] satisfy the assumptions of proposition 3.1.
We'll use pointwise dual ergodicity to establish rational weak mixing.
To this end, we show first (as in [10] ) that (LLT) implies that :
for A ⊂ Ω a union of cylinders.
Proof of ( ) As in [10] (see also [3] ):
By the γ-regular variation of a,
Proof of (R)
Let A ⊂ Ω be a finite unions of cylinders. By (DK), ( ) and propo-
whence by proposition 3.1, for a.e. x ∈ Ω, there is a subset
It follows as in [3] that for C ⊂ Ω compact, for a.e. x ∈ Ω, there is a subset K = K x ⊂ N of full density so that
whence, again by (DK) and propositions 3.
Again as in [3] , ∀ B ∈ B(Ω), for a.e. x ∈ Ω, there is a subset K = K x ⊂ N of full density so that
whence, (as above) for a possibly smaller
It follows that for A 1 , . . . , A d ∈ B(Ω), for a.e. x ∈ Ω, there is a subset K = K x ⊂ N of full density so that
The index of regular variation of u
−d
n is dγ ∈ (0, 1) so, again by propositions 3.1 and 3.3 in [3] ,
Here, we consider, for S a finite set and κ ∈ N, measure preserving semiflows Ψ : R + → MPT(X, B, m) where
where # is counting measure, µ ∈ P(Ω) Gibbs;
where
Pointwise dual ergodicity. Suppose that, Ψ is ergodic, equivalently T φ is ergodic, or φ is non-arithmetic in the sense that ∄ solution to
By the central limit theorem in [11] ,
where X is a globally supported, centred Gaussian rv on R κ . As in [4] , T φ is dissipative for κ ≥ 3 and pointwise dual ergodic for κ = 1, 2 with
Analogously to Proposition 2.2 in [4] , (X, B, m, Ψ) is dissipative for κ ≥ 3 and pointwise dual ergodic (as a flow) for κ = 1, 2 with
where κ = Ω hdP ∈ R + : namely
Proposition 4.1 (Exactness) Suppose that the function (h, φ)
:
Proof The assumption is equivalent to the ergodicity of
which entails (characterizes) the exactness of Ψ. In this case, for each t > 0, (X, B, m, Ψ t ) is pointwise dual ergodic (as a transformation) for κ = 1, 2 with
Rational weak mixing.
If φ is aperiodic in the sense that ∄ solution to
then by the local limit theorem in [11] , for A ⊂ Ω a cylinder set:
In particular,
It follows from proposition 3.
is rationally weakly mixing when κ = 1, 2.
Proposition 4.2 (RWM of special semiflows)
Suppose that the function (h, φ) :
is rationally weakly mixing.
Lemma 4.3: (Lower local limit)
Proof of (LLL)
We have that
and so it suffices to prove
Proof of ( ) By the central limit theorem for (φ, h),
Fix t, M > 0, then
It follows that for fixed M > 0 with
Now, by regular variation,
Proof of proposition 4.1 This follows from pointwise dual ergodicity and (LLL) via proposition 3.3 of [3] .
Remark. A stronger version of lemma 4.3 would be the local limit theorem:
It is not hard to show that special semiflows satisfying (LLT) enjoy the stronger property of Krickeberg mixing (as in [15] ). Note that here, in the notation of lemma 4.3, (LLT) is equivalent to
We do not know whether this necessarily holds under the assumptions of lemma 4.3, bu we'll see in the next section that the geodesic flows of Abelian covers of compact hyperbolic surfaces have this lim finite.
For work on (LLT) for flows, see [14] & [22] . §5 hyperbolic geodesic flows
Definitions. The hyperbolic plane is H := {z ∈ C : |z| < 1} equipped with the arclength element ds(u, v) := The hyperbolic distance between x, y ∈ H is ρ(x, y) := inf { γ ds : γ is an arc joining x and y} = 2 tanh
This inf is achieved by an arc of a geodesic in (H, ρ). These geodesics are diameters of H, and circles orthogonal to ∂H. The isometries Isom (H, ρ) of (H, ρ) are the Möbius transformations and their complex conjugates.
If g is an isometry of H, then A • g ≡ A.
The space of line elements of H is UT (H) = H × T.
The geodesic flow transformations ϕ t are defined on H×T as follows. To each line element ω there corresponds a unique directed geodesic passing through x(ω) whose directed tangent at x(ω) makes an angle θ(ω) (with the radius (0, 1)).
If t > 0, the point x(ϕ t ω) is the unique point on the geodesic at distance t from x(ω) in the direction of the geodesic, and if t < 0, the point x(ϕ t ω) is the unique point on the geodesic at distance −t against the direction of the geodesic.
The angle θ(ϕ t ω) is the angle made by the directed tangent to the geodesic at the point x(ϕ t ω).
There is an important involution χ :
The isometries act on H × T (as differentiable maps) by
and it is not hard to see that χg = gχ and ϕ t g = gϕ t . Both the geodesic flow, the involution and the isometries preserve the measure dm(x, θ) = dA(x)dθ on H × T.
Let Γ be a discrete subgroup of Isom (H) (aka Fuchsian group), then M = H/Γ is an hyperbolic surface and any hyperbolic surface is isometric to one of this form.
The space of line elements of M = H/Γ is UT (M) := M × T = (H×T)/Γ and the geodesic flow transformations on UT (M) are defined by
Let π Γ : H → H/Γ, π Γ : H × T → X Γ be the projections π Γ (z) = Γz, π Γ (ω) = Γω, and let F be a fundamental domain for Γ in H, e.g.
then π Γ and π Γ are 1-1 on F and F × T, and so the measures A |F and m |F induce measures A Γ and m Γ on H/Γ and X Γ = H/Γ × T respectively.
Basics. It is known that for M = H/Γ,
• ϕ M is either totally dissipative, or conservative and ergodic (E. Hopf [12] ),
• rationally ergodic with return sequence ∝ a Γ (t) ( [8] , see also [2] chapter 7);
• weakly mixing ( [18] ). Note that a flow is weakly mixing iff all its transformations are ergodic.
All transformations of a rationally ergodic, weakly mixing flow are necessarily rationally ergodic.
Abelian covers of compact surfaces.
Let M = H/Γ be a compact, hyperbolic surface, let ϕ M : UT (M) → UT (M) denote the geodesic flow and let χ : UT (M) → UT (M) be the involution of direction reversal. Now let κ ≥ 1 & let V = V (κ) be a Z κ -cover of M that is V is a complete hyperbolic surface equipped with a covering map p : V → M so that ∃ a monomorphism γ : Z κ → Isom (V (κ) ), such that for y ∈ V, p −1 {p(y)} = {γ(n)y : n ∈ Z κ }. Rees showed in [17] that ϕ V (κ) is conservative when κ = 1, 2 and dissipative when κ ≥ 3.
In this section we prove • 2-recurrent when κ = 1 and 2-dissipative when κ = 2.
Proof of rational weak mixing
Let M = H/Γ be a compact, hyperbolic surface (with Γ is trhe corresponding, cocompact, Fuchsian group) and let ϕ M : T M → T M denote the geodesic flow on T M (the unit tangent bundle) and let χ : UT (M) → UT (M) be the involution of direction reversal.
As ϕ M is an Anosov flow, by Bowen's theorem ( [9] ), there is a special flow Φ : R → PPT(Y, C, ν) and π : Y → UT (M) a continuous, measure theoretic isomorphism satisfying
Here:
where T is the shift and n = n t (x, y) is so that
By Rees' refinement, (Ω, T, µ), h & π can be chosen so that
• S is a finite, symmetric generator set of Γ and the elements of Ω code the geodesics in M = H/Γ,
is equivariant with the geodesic flows and their direction reversal involutions.
We have that V (κ) ∼ = H/Γ 0 where the corresponding Fuchsian group Γ 0 = Ker Θ for Θ : Γ → Z κ a surjective homomorphism. The corresponding Z κ -extension of Φ : R → PPT(Y, C, ν) is the special flow Ψ : R → MPT(X, B, m) where
where # is counting measure,
There is a continuous, measure theoretic isomorphism Π :
As in [19] , V is homologically full in the sense that ∃ exponentially many closed geodesics of given length in each homology class. Therefore, by the lemma in [20] the function (h, φ) : Ω → R × Z κ is aperiodic in the sense that ∄ solution to
Thus Ψ : R → MPT(X, B, m) is a two-sided version of a special semiflow satisfying the assumptions of proposition 4.1 and rational weak mixing follows.
Proof of 2-recurrence & 2-dissipation For x ∈ H, and ǫ > 0, set
To prove the theorem, we show first that sets of form ∆ = ∆(x, ǫ) are admissible and satisfy
The lower bound in (R) follows from lemma 4.3 applied to the flow (X, B, m, Ψ) as above.
The upper bound will follow from two geometric lemmas, and a word metric observation from [17] .
Analytic geometry lemma I:
For x ∈ X Γ & e > 0 small enough:
. Using ϕ z ϕ t = ϕ t ϕ z , and ϕ t (0, θ) = (tanh
and |J(w, η)| is its length. We have that |J(w, η)| > 0 iff ρ(0, w) = s ± η.
We note that
where θ := θ ∧ (2π − θ) θ ∈ [0, 2π). This is because
where B(x, r) is the Euclidean ball of radius r and δ = tanh
Next, to establish (ii) note that ∃ ζ > 0 so that
Analytic geometry lemma II:
Let ǫ > 0 be fixed and N = ∆ × T as before, where ∆ = ∆(x, ǫ). We assume ǫ to be sufficiently small.
First observe that
Next,
For t ∈ I p , , let t 0 = 0, let
and let
ρ(γ k+1 (x), γ k (x)) ± (2p + 1)ǫ. 
This is the upper estimation in (R) and proves admissibility of sets of form ∆(x, ǫ). It follows that ϕ V (2) is 1-nice and 2-dissipative. It follows from (LLL) that the representing semiflow of ϕ V (1) is 2-nice, whence also ϕ V (1) . By theorem 2.2, ϕ V (1) is subsequence 2-rationally ergodic, whence 2-recurrent.
